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Abstract
The aim of this paper is to obtain some new estimates for multifunctional holomorphic expressions by
using properties of Bergman metric ball. Also we obtain some characterizations of Carleson type measure
for some multifunctional holomorphic spaces defined with Bergman metric ball.
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1. Introduction and notations
Let B = {z ∈ Cn: |z| < 1} be the open unit ball of Cn and S the unit sphere of Cn. Let dv
be the normalized Lebesgue measure on B and dσ the normalized rotation invariant Lebesgue
measure on S. We denote by H(B) the class of all holomorphic functions on B .
Let r > 0 and z ∈ B , the Bergman metric ball at z is defined as
D(z, r) =
{
w ∈ B: β(z,w) = 1
2
log
1 + |ϕz(w)|
1 − |ϕz(w)| < r
}
.
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ϕz(w) = z − Pzw − szQzw1 − 〈w,z〉 ,
where sz = (1 − |z|2)1/2, Pz is the orthogonal projection into the space spanned by z ∈ B , i.e.,
Pzw = 〈w,z〉z|z|2 , P0w = 0 and Qz = I − Pz (see [6]).
Let 0 < p < ∞ and α > −1. Recall that the weighted Bergman space Apα consists of those
functions f ∈ H(B) for which
‖f ‖p
A
p
α
=
∫
B
∣∣f (z)∣∣p dvα(z) = (n + α + 1)
n!(α + 1)
∫
B
∣∣f (z)∣∣p(1 − |z|2)α dv(z) < ∞.
Various Carleson type embedding theorems in the unit ball are well known. In general, the
formulation is the following. Let G be a region, μ be a finite positive Borel measure and X a
Banach space of holomorphic functions in G. We say that μ is a Carleson measure for X if there
exists a constant C > 0 such that for any f ∈ X,∫
G
∣∣f (z)∣∣p dμ(z) C‖f ‖p
X
, 0 < p < ∞.
For various Banach spaces in the unit ball, the characterizations of Carleson measure are known,
see for example [1,2,6].
The paper is organized as follows. In Section 2, we obtain some new estimates for multifunc-
tional analytic spaces and for an integral operator—a natural extension of Bergman representa-
tion formula in the unit ball, extending previously known estimates with the help of fine structure
of Bergman metric ball. In Section 3, we completely describe Carleson type measures for some
new multifunctional holomorphic spaces.
Throughout this paper, constants are denoted by C, they are positive and may differ from one
occurrence to the other. The notation A  B means that there is a positive constant C such that
C−1B A CB .
2. Some new estimates for multifunctional holomorphic expressions
To state and prove our results, let us collect some nice properties of the Bergman metric ball
that will be used in this paper.
Lemma 1. (See [6].) There exists a positive integer N such that for any 0 < r  1 we can find a
sequence {ak} in B with the following properties:
(1) B =⋃k D(ak, r);
(2) The sets D(ak, r/4) are mutually disjoint;
(3) Each point z ∈ B belongs to at most N of the sets D(ak,2r).
Remark 1. If {ak} is a sequence from Lemma 1, according to the result on page 76 of [6], there
exist positive constants C1,C2 such that
C1
∫ ∣∣f (z)∣∣p dvα(z) ∞∑
k=1
∣∣f (ak)∣∣p(1 − |ak|2)n+1+α  C2
∫ ∣∣f (z)∣∣p dvα(z). (1)B B
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Lemma 2. (See [6].) For each r > 0 there exists a positive constant Cr such that
C−1r 
1 − |a|2
1 − |z|2  Cr, C
−1
r 
1 − |a|2
|1 − 〈z, a〉|  Cr,
for all a and z such that β(a, z) < r .
Lemma 3. (See [6].) Suppose r > 0, p > 0 and α > −1.Then there exists a constant C > 0 such
that ∣∣f (z)∣∣p  C
(1 − |z|2)n+1+α
∫
D(z,r)
∣∣f (w)∣∣p dvα(w)
for all f ∈ H(B) and z ∈ B .
Lemma 4. (See [6].) Suppose s > 0 and t > −1. Then∫
S
dσ (ξ)
|1 − 〈z, ξ 〉|n+s 
(
1 − |z|2)−s (2)
and ∫
S
(1 − |w|2)t dv(w)
|1 − 〈z,w〉|n+1+t+s 
(
1 − |z|2)−s (3)
as |z| → 1.
First we study the integral operator as following
Tα,mf (z1, . . . , zm) = Cα
∫
B
f (w)(1 − |w|)α dv(w)
(1 − 〈z1,w〉) n+1+αm · · · (1 − 〈zm,w〉) n+1+αm
, (4)
where
α > −1, zj ∈ B, j = 1, . . . ,m, Cα = (n + α + 1)
(α + 1)n! .
It is easy to see that
(Tα,1f )(z) = f (z).
Thus for m = 1, there is nothing to prove because of Bergman representation formula.
Theorem 1. (i) Let f ∈ H(B). Then for 0 < p  1, β > −1, α > m(n+1+β)
p
− (n + 1),
∫
B
· · ·
∫
B
∣∣Tα,mf (z1, · · · , zm)∣∣p m∏
j=1
(
1 − |zj |
)β
dv(z1) · · ·dv(zm)
 C
∫ ∣∣f (z)∣∣p(1 − |z|2)(m−1)(n+1)+mβ dv(z).
B
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B
∣∣f (z)∣∣pm(1 − |z|2)npm(∑m−1i=1 1pi )−1 dv(z) < ∞, (5)
then Tα,mf ∈ Hp1···pm , where
Hp1···pm =
{
g ∈ H(Bm):
sup
r1,...,rm<1
∫
S
(
· · ·
∫
S
(∫
S
∣∣g(r1ξ1, . . . , rmξm)∣∣p1 dσ(ξ1)
) p2
p1
dσ(ξ2) · · ·
) pm
pm−1
dσ(ξm) < ∞
}
.
Proof. (i) Using Lemmas 1 and 2, we have∣∣Tα,mf (z1, . . . , zm)∣∣p
 C
( ∞∑
k=1
∫
D(ak,r)
|f (w)|(1 − |w|)α dv(w)∏m
j=1 |1 − 〈zj ,w〉|
α+1+n
m
)p
 C
∞∑
k=1
sup
w∈D(ak,r)
∣∣f (w)∣∣p( ∫
D(ak,r)
(1 − |w|)α dv(w)∏m
j=1 |1 − 〈zj ,w〉|
α+1+n
m
)p
 C
∞∑
k=1
sup
w∈D(ak,r)
∣∣f (w)∣∣p vpα (D(ak, r))∏m
j=1 |1 − 〈zj , ak〉|p
α+1+n
m
.
Using Lemmas 1 and 3,∫
B
· · ·
∫
B
∣∣Tα,mf (z1, . . . , zm)∣∣p m∏
j=1
(
1 − |zj |
)β
dv(z1) · · ·dv(zm)
 C
∞∑
k=1
sup
w∈D(ak,r)
∣∣f (w)∣∣p ∫
B
· · ·
∫
B
m∏
j=1
(1 − |zj |)β dv(z1) · · ·dv(zm)
|1 − 〈zj , ak〉| α+1+nm p
vpα
(
D(ak, r)
)
 C
∞∑
k=1
sup
w∈D(ak,r)
∣∣f (w)∣∣p 1
(1 − |ak|)p(α+n+1)−m(n+1)−mβ v
p
α
(
D(ak, r)
)
 C
∞∑
k=1
∫
D(ak,2r)
∣∣f (w)∣∣p (1 − |w|)p(α+n+1)−(n+1)
(1 − |w|)p(α+n+1)−m(n+1)−mβ dv(w)
 CN
∫
B
∣∣f (z)∣∣p(1 − |z|)(m−1)(n+1)+mβ dv(z).
(ii) We consider the case of m = 2, i.e. we need to prove that
sup
r1,r2<1
∫ (∫ ∣∣Tα,2f (z1, z2)∣∣p1 dσ(ξ1)
) p2
p1
dσ(ξ2) < ∞, zi = riξi, i = 1,2.S S
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S
(∫
S
∣∣Tα,2f (r1ξ1, r2ξ2)∣∣p1 dσ(ξ1)
) p2
p1
dσ(ξ2)
 C
∞∑
k=1
sup
z∈D(ak,r)
∣∣f (z)∣∣p2
×
∫
S
(∫
S
( ∫
D(ak,r)
(1 − |w|)α dv(w)
|1 − 〈r1ξ1,w〉|γ |1 − 〈r2ξ2,w〉|γ
)p1
dσ(ξ1)
) p2
p1
dσ(ξ2),
where γ = n+1+α2 . Using (2), we obtain
sup
r1,r2<1
∫
S
(∫
S
( ∫
D(ak,r)
(1 − |w|)α dv(w)
|1 − 〈r1ξ1,w〉|γ |1 − 〈r2ξ2,w〉|γ
)p1
dσ(ξ1)
) p2
p1
dσ(ξ2)
 sup
r1,r2<1
∫
S
(∫
S
(1 − |ak|)p1(n+1+α)
|1 − 〈r1ξ1, ak〉|p1γ |1 − 〈r2ξ2, ak〉|p1γ dσ (ξ1)
) p2
p1
dσ(ξ2)

(
1 − |ak|
)p2(n+1+α)( sup
r1<1
∫
S
dσ (ξ1)
|1 − 〈r1ξ1, ak〉|p1γ
) p2
p1
sup
r2<1
∫
S
dσ (ξ2)
|1 − 〈r2ξ2, ak〉|p2γ
 C
(
1 − |ak|
)p2(n+1+α) × (1 − |ak|)−(γp1−n)p2/p1 × (1 − |ak|)−γp2+n
 C
(
1 − |ak|
)n+np2/p1 . (6)
It follows from (6) that
sup
r1,r2<1
∫
S
(∫
S
∣∣Tα,2f (r1ξ1, r2ξ2)∣∣p1 dσ(ξ1)
) p2
p1
dσ(ξ2)
 C
∞∑
k=1
sup
z∈D(ak,r)
∣∣f (z)∣∣p2 × (1 − |ak|)n+ np2p1
 C
∞∑
k=1
∫
D(ak,2r)
∣∣f (z)∣∣p2(1 − |z|) np2p1 −1 dv(z)
 CN
∫
B
∣∣f (z)∣∣p2(1 − |z|) np2p1 −1 dv(z) < ∞.
This completes the proof of the theorem. 
Remark 2. If m = 1, then the first part of Theorem 1 is trivial. When m > 1, n = 1, then the first
part of Theorem 1 is known, see [3]. The second part of Theorem 1 for m > 1, n = 1, pi = p,
i = 1, . . . ,m, was proved in [5].
Next we state some inequalities for multifunctional holomorphic spaces as follows.
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qi < ∞, i = 1, . . . ,m, such that ∑mi=1 piqi = 1. Then
I =
∫
B
∣∣F1(w, . . . ,w)∣∣p1 · · · ∣∣Fm(w, . . . ,w)∣∣pm(1 − |w|)α dv(w)
 C
m∏
i=1
(∫
B
· · ·
∫
B
∣∣Fi(w1, . . . ,wt )∣∣qi t∏
j=1
(
1 − |wj |
)βi dv(w1) · · ·dv(wt )
) pi
qi
,
where βi = (n+1+α)qitmpi − (n + 1) > −1, i = 1, . . . ,m.
Proof. Let {ak} be a sampling sequence in B , 0 < r  1. Then from Lemma 1, we have
I  C
∞∑
k=1
∫
D(ak,r)
m∏
i=1
∣∣Fi(w, . . . ,w)∣∣pi (1 − |w|)α dv(w)
 C
∞∑
k=1
sup
z∈D(ak,r)
m∏
i=1
∣∣Fi(z, . . . , z)∣∣pi vα(D(ak, r))
 C
∞∑
k1=1
· · ·
∞∑
kt=1
(
sup
z1∈D(ak1 ,r),...
zt∈D(akt ,r)
∣∣F1(z1, . . . , zt )∣∣p1 · · · sup
z1∈D(ak1 ,r),...
zt∈D(akt ,r)
∣∣Fm(z1, . . . , zt )∣∣pm)
× (1 − |ak1 |) n+1+αt · · · (1 − |akt |) n+1+αt ,
where vα(D(ak, r))  (1 − |ak|)αv(D(ak, r)). Using Hölder inequality for m-functions, we ob-
tain
I  C
( ∞∑
k1,...,kt=1
sup
z1∈D(ak1 ,r),...
zt∈D(akt ,r)
|F1|q1
(
1 − |ak1 |
) (n+1+α)q1
tmp1 · · · (1 − |akt |) (n+1+α)q1tmp1
) p1
q1
× · · ·
×
( ∞∑
k1,...,kt=1
sup
z1∈D(ak1 ,r),...
zt∈D(akt ,r)
|Fm|qm
(
1 − |ak1 |
) (n+1+α)qm
tmpm · · · (1 − |akt |) (n+1+α)qmtmpm
) pm
qm
.
Using Lemmas 1–3 we get
I  C
( ∞∑
k1,...,kt=1
∫
D(ak1 ,2r)
· · ·
∫
D(akt ,2r)
∣∣F1(w1, . . . ,wt )∣∣q1 dv(w1) · · ·dv(wt )
×
∏t
j=1(1 − |akj |)
(n+1+α)q1
tmp1∏t
j=1(1 − |akj |)n+1
) p1
q1
× · · · ×
( ∞∑
k1,...,kt=1
∫
D(ak1 ,2r)
· · ·
∫
D(a ,2r)
∣∣Fm(w1, . . . ,wt )∣∣qm dv(w1) · · ·dv(wt )
∏t
j=1(1 − |akj |)
(n+1+α)qm
tmpm∏t
j=1(1 − |akj |)n+1
) pm
qmkt
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(∫
B
· · ·
∫
B
|F1|q1
(
1 − |w1|
)β1 · · · (1 − |wt |)β1 dv(w1) · · ·dv(wt )
) p1
q1 × · · ·
×
(∫
B
· · ·
∫
B
|Fm|qm
(
1 − |w1|
)βm · · · (1 − |wt |)βm dv(w1) · · ·dv(wt )
) pm
qm
,
as desired. The proof of the theorem is completed. 
Similarly to the proof of Theorem 2, we get the following two assertions.
Proposition 1. Let F ∈ H(Bt ), Bt = B × · · · × B , α > tn − n − 1, t ∈ N, 0 < p < ∞. Then∫
B
∣∣F(w, . . . ,w)∣∣p(1 − |w|)α dv(w)
 C
∫
B
· · ·
∫
B
∣∣F(w1, . . . ,wt )∣∣p(1 − |w1|)β1 · · · (1 − |wt |)βt dv(w1) · · ·dv(wt ),
where βj = n+1+αt − (n + 1), j = 1, . . . , t .
Proposition 2. Let fj (z1, . . . , zt ) ∈ H(Bt ), 0 < pj , qj < ∞, j = 1, . . . ,m such that∑m
j=1
pj
qj
= 1. Let ls > −1, αsj > −1 such that qj ls/(mpj ) = n + 1 + αsj , s = 1, . . . , t ;
j = 1, . . . ,m. Then
L =
∞∑
k=1
m∏
j=1
∣∣fj (ak, . . . , ak)∣∣pj (1 − |ak|)∑ti=1 li
 C
m∏
j=1
(∫
B
· · ·
∫
B
∣∣fj (z1, . . . , zt )∣∣qj dvα1j (z1) · · ·dvαtj (zt )
)pj /qj
.
Remark 3. The second part of (1) in Remark 1 is a very particular case of the inequality in
Proposition 2.
3. On characterizations of Carleson type measure for some function spaces
In this section, we provide new sharp embedding theorems for some multifunctional analytic
spaces.
Theorem 3. Let μ be a positive Borel measure on B and {ak} a sampling sequence. Let α > −1,
fi ∈ H(B), 0 < pi, qi < ∞, i = 1, . . . ,m such that ∑mi=1 1qi = 1. Then∫
B
m∏
i=1
∣∣fi(z)∣∣pi dμ(z) C m∏
i=1
[ ∞∑
k=1
( ∫
D(ak,2r)
∣∣fi(z)∣∣pi (1 − |z|)α dv(z)
)qi] 1qi
(7)
if and only if
μ
(
D(ak, r)
)
 C
(
1 − |ak|
)m(n+1+α) (8)
for every k.
S. Li, R. Shamoyan / Bull. Sci. math. 134 (2010) 144–154 151Proof. First suppose that (8) holds. By Lemma 1 we have∫
B
m∏
i=1
∣∣fi(z)∣∣pi dμ(z) C ∞∑
k=1
μ
(
D(ak, r)
) m∏
i=1
sup
z∈D(ak,r)
∣∣fi(z)∣∣pi . (9)
By Lemmas 2 and 3 we have∫
B
m∏
i=1
∣∣fi(z)∣∣pi dμ(z)
 C
∞∑
k=1
μ(D(ak, r))
(1 − |ak|)m(n+1+α)
m∏
i=1
∫
D(ak,2r)
∣∣fi(w)∣∣pi (1 − |w|)α dv(w)
 C
∞∑
k=1
m∏
i=1
∫
D(ak,2r)
∣∣fi(w)∣∣pi (1 − |w|)α dv(w).
Using the condition
∑m
i=1 1qi = 1 and Hölder inequality for m-functions we get (7).
Conversely, suppose that (7) holds. For an ak ∈ B , put
fi(z) =
(
(1 − |ak|2)n+1+α
(1 − 〈ak, z〉)2(n+1+α)
)1/pi
, i = 1, . . . ,m.
Then from Lemma 2 we see that |1−〈ak, z〉|  1−|z|2  1−|ak|2 for every z ∈ D(ak, r). Hence∫
B
m∏
i=1
∣∣fi(z)∣∣pi dμ(z)
∫
D(ak,r)
(1 − |ak|2)m(n+1+α)
|1 − 〈ak, z〉|2m(n+1+α) dμ(z) 
μ(D(ak, r))
(1 − |ak|2)m(n+1+α) .
(10)
Using Lemma 1, (3) and the inequality( ∞∑
i=1
t
p
i
)1/p

∞∑
i=1
ti , 1 < p < ∞, (11)
we get
m∏
i=1
[ ∞∑
k=1
( ∫
D(ak,2r)
∣∣fi(z)∣∣pi (1 − |z|)α dv(z)
)qi] 1qi

m∏
i=1
∞∑
k=1
∫
D(ak,2r)
∣∣fi(z)∣∣pi (1 − |z|)α dv(z)
 CN
m∏
i=1
∫
B
∣∣fi(z)∣∣pi (1 − |z|)α dv(z)
 C
(∫
B
(1 − |ak|2)n+1+α(1 − |z|)α
|1 − 〈ak, z〉|2(n+1+α) dv(z)
)m
 C. (12)
Combining (10) with (12) we get the desired result. 
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‖f ‖p
A
p
α
=
∫
B
∣∣f (w)∣∣p dvα(w)  ∞∑
k=1
max
z∈D(ak,r)
∣∣f (z)∣∣pvα(D(ak, r))

∞∑
k=1
∫
D(ak,2r)
∣∣f (z)∣∣p(1 − |z|)α dv(z), 0 < p < ∞, α > −1.
Let
A(p,q,α) =
{
f ∈ H(B):
∞∑
k=1
( ∫
D(ak,2r)
∣∣f (z)∣∣p(1 − |z|)α dv(z))q/p < ∞
}
,
where 0 < p,q < ∞, α > −1. These A(p,q,α) spaces, their multifunctional generalization that
appeared in Theorem 3 can be considered as natural extension of well-studied weighted Bergman
spaces in the unit ball. It is natural to extend various results from [6] to the case of A(p,q,α)
class(A(p,p,α) = Apα). Our Theorem 3 gives such result.
Remark 5. Similarly to the proof of Theorem 3, we get the following result. Let μ be a positive
Borel measure on B and {ak} a Bergman sampling sequence. Let fj ∈ H(B), j = 1, . . . ,m,
0 < pi, qi < ∞, i = 1, . . . ,m + 1 such that ∑m+1i=1 piqi = 1. If( ∞∑
k=1
( ∫
D(ak,r)
dμ(z)
) qm+1
pm+1
) pm+1
qm+1
 C, (13)
then
∫
B
m∏
i=1
∣∣fi(z)∣∣pi (1 − |z|)m(n+1) dμ(z) C m∏
i=1
[ ∞∑
k=1
( ∫
D(ak,2r)
∣∣fi(z)∣∣pi dv(z)
) qi
pi
] pi
qi
.
Theorem 4. Let μ be a positive Borel measure on B and {ak} a sampling sequence. Let fj ∈
H(B), j = 1, . . . ,m, 0  pi < qi < ∞, i = 1, . . . ,m + 1, m ∈ N such that ∑m+1i=1 piqi = 1 and
pm+1 
= 0. If
∞∑
k=1
( ∫
D(ak,r)
dμ(z)
) qm+1
pm+1  C < ∞, (14)
then ∫
B
m∏
i=1
∣∣fi(z)∣∣pi (1 − |z|)(n+1)∑mi=1 piqi dμ(z) C m∏
i=1
[∫
B
∣∣fi(z)∣∣qi dv(z)
] pi
qi
. (15)
Conversely, if (15) holds for any pi, qi , 0  pi < qi < ∞, i = 1, . . . ,m + 1, m ∈ N such that∑m+1 pi = 1 and pm+1 
= 0, then (14) holds.i=1 qi
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B
m∏
i=1
∣∣fi(z)∣∣pi (1 − |z|)(n+1)∑mi=1 piqi dμ(z)
 C
∞∑
k=1
m∏
i=1
sup
z∈D(ak,r)
∣∣fi(z)∣∣pi
∫
D(ak,r)
(
1 − |z|)(n+1)∑mi=1 piqi dμ(z)
 C
( ∞∑
k=1
sup
z∈D(ak,r)
∣∣f1(z)∣∣q1(1 − |z|)n+1
) p1
q1
× · · ·
×
( ∞∑
k=1
sup
z∈D(ak,r)
∣∣fm(z)∣∣qm(1 − |z|)n+1
) pm
qm
( ∞∑
k=1
( ∫
D(ak,r)
dμ(z)
) qm+1
pm+1
) pm+1
qm+1
 C
m∏
i=1
[∫
B
∣∣fi(z)∣∣qi dv(z)
] pi
qi
( ∞∑
k=1
( ∫
D(ak,r)
dμ(z)
) qm+1
pm+1
) pm+1
qm+1
 C
m∏
i=1
[∫
B
∣∣fi(z)∣∣qi dv(z)
] pi
qi
.
Conversely, suppose that (15) holds. From [4], we known that∫
B
|f |p dμ(z) C‖f ‖p
A
q
α
, p < q, α > −1 (16)
if and only if
∞∑
k=1
((
1 − |ak|
)− p(α+n+1)
q
∫
D(ak,r)
dμ(z)
) q
q−p
 C < ∞. (17)
Since pm+1 
= 0, pm+1 < qm+1, ∑m+1i=1 piqi = 1, hence at least one pi, i = 1, . . . ,m is always not
zero. Now put pi = 0, i = 1, . . . ,m − 1, pm,pm+1 
= 0, from (15) we have[∫
B
∣∣fm(z)∣∣pm(1 − |z|)(n+1) pmqm dμ(z)
] 1
pm
 C
[∫
B
∣∣fm(z)∣∣qm dv(z)
] 1
qm
, pm < qm.
Then from (16) and (17), it holds
∞∑
k=1
((
1 − |ak|
)−(n+1) pm
qm
∫
D(ak,r)
(
1 − |z|)(n+1) pmqm dμ(z))
qm
qm−pm
 C < ∞,
which is equivalent to (14). The proof of the theorem is completed. 
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